Abstract. Using the /2-products we find pre-Hilbert spaces that are absorbing sets for all Borelian classes of order a > 1 . We also show that the following spaces are homeomorphic to S°° , the countable product of the space £ = {(x") 6 R°° : (x") is bounded} :
Introduction
We are interested in the topological classification of noncomplete normed linear spaces. The main tool in this area is the method of absorbing sets discovered and applied in the cr-compact case by Anderson and Bessaga and Pelczyñski (see [2] ). Absorbing sets which are not necessarily cr-closed in a considered copy s of I2 were developed by Bestvina and Mogilski [4] . A disadvantage of the approach presented in [4] was that two homeomorphic absorbing sets in s might not have been relatively homeomorphic. The difficulty was overcome in [7] due to replacing the strong universality property by its relative version (see Theorem 2.2). We construct linear subspaces Fa, a > 1 (respectively, Ga, a > 2 ) of I2 that are absorbing sets for the additive Borelian class s/a (respectively, the multiplicative Borelian class Jia ) and such that the pair (I2, Fa) (respectively, (I2, Ga) ) is strongly (Jfx, séa)-universal (respectively, (^#i, Jff)-universal). Applying Theorem 2.2, (I2, Fa) and (I2, Ga) are homeomorphic to (s, Aa) and (s, ila), respectively, where Aa and ila are absorbing sets in s constructed in [4] .
One may guess that FQ (respectively, C7a ) is the weak /2-product £/2 H" (respectively, the /2-product TJ/2 Hn ) of pre-Hilbert spaces H" that contain a closed copy of Aa (respectively, Q.a ). The crucial step is to show that ^/2 Hn and J]/2 Hn are strongly sfa-and ^»-universal, respectively. Actually, we are able to verify the strong (5f, i?)-universality property of an arbitrary normed coordinate product pair (nc En, Y,c H") provided each element of (JF, 2C) admits a relative closed embedding into every (En, Hf) (see Proposition 3.1). A version of 3.1 for cartesian products was earlier applied [11, 13, 12] in order to identify some function and sequence spaces that are homeomorphic to Q.2 = X°° . Applying 3.1 (and its variations), we show that several absolute FCT(5-spaces that underlie a "product" structure are homeomorphic to Cl2. In particular, we prove that every normed coordinate product \\c Hn , C being a Banach space, is homeomorphic to £l2 provided each H" £ Jf2 and infinitely many of the Hn 's are ZCT-spaces. Another application concerns the function space LP = f]pl<p Lpl m the F?-topology (q < p) and the sequence space lp = C\p<p' lp> in the /«-topology (p < q). We prove that LP, 0 < <? < p < oo, and lp , 0 < p < q < oo, are homeomorphic to Ci2. Actually, we show that the pairs (Lq, LP), (I9,1"), and (s, Q.2) are homeomorphic. The fact that the space LP considered as a subspace of F° (of all measurable functions with the topology of convergence in measure) and the space lp as a subspace of F°°a re homeomorphic to £l2 was previously obtained in [13] . Let us note that dealing with these different topologies on LP (same for lp ) the natural linear map 4* : F° -> (F0)00 is employed. In the present paper *F is considered as a linear isomorphism of F1 onto J]/' LX witn tne following key property: W)n £,,£' = £,,/>.
In the last section we provide some examples of pre-Hilbert spaces with rather mysterious topological structure. They all are of the form Y(A)xFa and Y(A)xGa, where Y (A) is the linear span of a linearly independent subset A in I2 . In particular, we show that every projective class ^" \ \Jk<" â°k, n > 1 , contains uncountably many nonhomeomorphic pre-Hilbert spaces. The same is true for the class of spaces which are nonprojective. We observe that the argument of Henderson and Pelczynski [2] showing that there are uncountably many cr-compact pre-Hilbert spaces applies (after a minor change) to produce uncountably many nonhomeomorphic pre-Hilbert spaces in each class stfa\Jfa and Jfa \sfa for a > 2 . The results of §3 will be applied to construct absorbing sets for all projective classes in a forthcoming paper by the first named author.
The authors wish to note that J. Dijkstra and J. Mogilski have recently obtained the same results concerning LP-and /''-spaces [10] .
Convention. All spaces considered are separable and metrizable. Maps are continuous functions.
Preliminaries
Let us recall that a closed subset A of a space A' is a Z-set (respectively, a strong Z-set) if for every open cover ^ of X there exists a ^-close to the identity map f : X -y X such that f(X)C\A = 0 (respectively, cl(f(X)) \~\A = 0 ). A space which is a countable union of Z-sets is called a Z^-space. Note that every Za -space is of the first category. In the case where X is an absolute neighborhood retract a closed set A is a Z-set iff given n every map of the ndimensional cube I" into X can be approximated by maps into X\A. Every not necessarily closed set A satisfying the above condition is called locally homotopy negligible in X (see [17] ).
Fix a pair of spaces (K, L), i.e., L ç K. We say that a pair of spaces (X, Y) is strongly (K, F)-universal if, for every closed subset D of K, every map / : K -* X whose restriction to F is a Z-embedding (i.e., f\D is an embedding and f(D) is a Z-set in X ) and satisfies the condition Before we give a proof of 2.1 we recall that / : K -» X is closed over a set Ac X if for every a £ A and every neighborhood U of f~x({a}) there exists a neighborhood V of a such that f~x(V) c U (see [4] ).
Proof 'of '2.1. Let D he a closed subset of K and let f : K -* X be a map such that f\D is a Z-embedding satisfying (f\D)-x(Z) = DnL. Since f(D) is a strong Z-set in X and X \ Y is locally homotopy negligible in X, we can apply [4, Lemma 1.1; 17, Theorem 2.4] to approximate f by f such that (1) f\D = f\D, (2) f is closed over f(D), By our assumption, there exists a closed embedding g : U -» V which is Wclose to f\U and such that g~x(V nY) = U n L and g(U) c Y'. By (4), g can be continuously extended by f = f over D to a one-to-one map which is ^-close to /. Denote this extension also by g. We have g~x(V n Y) = U n F and consequently g(L) c Z. Moreover, if g(x) £ Z and x £ D then £(x) £ ZnY' = Y. This, together with (/|Z))-1(Z) = D n F, yieldŝ _1(Z) = F. To show that g : F -» X is a closed embedding, let {g (xn)}^=l converge to y £ X. If y £ f(D) then, by (4), {f(xn)}^=l converges to y and consequently, by (2) , {xn}f=x converges to f~l(y).
Otherwise, y £ V and {x"}^, converges to g~x(y). Since g(K) c f(D) U Y7, the union of a Z-set and a locally homotopy negligible set, g(K), is a Z-set in X.
Let ^ and 3? be classes of spaces. We write (K, L) £ (f%, J¿?) provided K £f% and F e Sf . A pair of spaces (X, Y) is said to be strongly (5f, S?)-universal if (X, Y) is strongly (K, F)-universal for every pair (K, L) £ (3?, 5?). This concept was introduced in [6] . If the pair ifi , Y) is strongly (F, F)-universal for every F £ Jïf then, according to [4] , Y is strongly 3?-universal.
In what follows, S? will satisfy the following conditions: (a) if F and F' are homeomorphic and F 6 -2*, then F' e S?, (b) if a space F is a union of its two closed subspaces which belong to J? , then L£2', (c) every closed subset of an element of S? belongs to J?. The following fact proved in [7] extends the uniqueness theorem for absorbing sets discovered by Anderson and Bessaga and Pelczyriski (see [2] (i) X\Y is locally homotopy negligible in X,
(ii) Y is a Za-space, (iii) Y is a countable union of closed sets that are elements of J?, (iv) (X, Y) is strongly (Jf, Sffuniversal, where Jf is the class of completely metrizable spaces. Then, for every open cover % of X, there exists a %-close to the identity homeomorphism of (X, Yx) onto (X, Yf).
Every subset Y of X which is strongly ^-universal and fulfils (i)-(iii) is called an ¿'-absorbing set in X. In [4] , it was shown that two ¿"-absorbing sets in a copy of I2 are homeomorphic. Theorem 2.2 may be rephrased in its weaker form as follows: two ¿"-absorbing sets in a copy of I2 are relatively homeomorphic provided they are strongly (./#, ¿^-universal.
Strong universality in products
Let C be a normed countable coordinate space (briefly, a normed coordinate space), i.e., C = (C, \\ • \\c) is a normed linear space of real sequences such that (ci) for every bounded sequence X = (If) and every c = (c") £ C, we have X-c = (Xncn)£C and ||A-c||c < IWUIkllc , where U\\x = sup">,|A"|, (C2) for every e > 0 and every (cn) £ C there exists k such that ||(0, ... ,0,ck, ck+x, ...)\\c <£, License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use (C3) each unit vector u" = (ôf) belongs to C. We took the notion of a normed coordinate space from [1] (see also [16] ) where the following equivalent condition replaces ( C3 ): C is contained in no hyperplane {(c") : ck = 0 } , k > 1. (For examples of normed coordinate spaces, see [1] .) Note that C contains all eventually zero sequences Co . Later on we have to assume that C \ Co / 0. This, of course, is the case if C is a Banach space.
Let We now give the main result of this section.
Proposition 3.1. Let {(En , Hn)}f^=x be a sequence of pairs of nontrivial normed linear spaces with each Hn dense in E" and let C be a normed coordinate space that contains an element with infinitely many nonzero terms. Fix a pair of spaces (K, L) and assume that for every n > 1 there exists a bounded closed embedding y/n : K -► F" with y/~x(Hn) = L. Then, for every Z ç F = T[c En with Z n £c F" = 5Zc H" • the pair (E, Z) is strongly (K, Lfuniversal.
We shall make use of the next two lemmas. Applying (3)- (4) and (v), we get
for every x £ U. The property ( 1 ) of co assures that the range of g is F and that g is 2^-close to /. Clearly, g takes values in ^2CE" and, by (iv), g-x(VnJ2cH") = Lnu.
To finish the proof, it remains to show that g : U -> V is a closed embedding. First we check that g is one-to-one. If -^ < e(x) < j¡ then, by (ii), <Pp (f(x), e(x)) = 0 for all p > n + 3. Since ^ < X(x) < -¡^ we have, by (vi), <p"+è(x, X(x)) t¿ 0 and cpk(x, X(x)) = 0 for k ^ n+4, n + 5, n + 6, n + 1. Assume that g(x) = g(x') and e(x') < e(x). Letting ^py < e(x') < p-, we see that n' > n and, by (vi), cp"i+^(x', X(x')) ^ 0. It follows that cpn'+o(x', X(x')) = g">+6(x') = gn'+e(x) = cpn,+(s(x, X(x)) ¿ 0; hence, n' = n or n + l. Then, for every p > n + 4, we have <$>p(f(x'), e(x')) = $>p(f(x), e(x)) = 0 and consequently cpp(x, X(x)) = gp(x) = gp(x') = cpp(x', X(x')). Since, by (vi), cpp(x, X(x)) = cpp(x', X(x')) = 0 forall p < «+3, we conclude that cp(x, X(x)) = cp(x', X(x')).
The latter yields x = x' because cp is one-to-one. Now, suppose {g(Xi)}°^x converges to y = (y") £ V for some sequence {x,}^ c U. Write e, = e(x,) and Xj = X(Xi). We can assume that {e/}^ converges to eo £ [0, 1]. If e0 = 0, then lim A, = 0. Using (v), we get lim<P(/(x,), e,) = y . Then, by (iii), {f(Xi)}'flx converges to y. By the continuity of e, we get e(y) = 0 which contradicts (2) . Therefore, we can assume that eo > 0. Let for some 0 < s0 < 1 n " n + 1 We can further assume that 1 ,.
,1 fii = Si + (1-SO-ZI n±l Then, we have <J>"+J(x,, £,) = 0 for all i and j > 3; and consequently the sequence {<pn+j(xi, A,)}g, = {g"+;(x,-)}^, converges to y"+; for all ; > 3. On the other hand, applying (B), we obtain (4) ||k"(y(z))||| < ||My)||| + ||k" (y -y(i)) \\\ < \\\rn(y)\\\ + \\\y-y(i)\\\.
Combining (3) and (4) The same argument applied to the (n¡ + 2)-coordinate yields |||y-«(y(i),/i)|||>|IK+2-(i-íí)llkB<+i(y(í))lll-e-,+2ll|.
As before, we get llk»,+i(y(i))lll < jzjt (Illy -*(y(0,4) III + IIK+2III) <2(|||y-<D(y(z),iI)||| + |||y",.+2|||).
The latter, in turn, implies llk"/(y(í))lll<llly»,(í)lll + llk»/+i(y(/))||| <4|||y-(D(y(/),zí)||| + 2(|||y",||| + |||y",+2|||).
Finally, according to (B) and (C), the last two terms of the above inequality tend to 0 if z -> 00 . To show that cp is one-to-one, let cp(x, t) = cp(x', t') for some (x, t), (x', t') £ F x (0, 1]. If t = sj¡ + (1 -s)j¡^ with n > 1 and 0 < í < 1 (respectively, t = 1 ), then the last nonvanishing coordinate of cp(x, t) is the (n + 3)-coordinate (respectively, the third coordinate) and it equals (1 -s)en+i (respectively, ef). This shows that t = t'. Clearly, we have cpn+x(x, t) = (l-s)y/n+x(x) (respectively, ^(x, t) = >px(x)). Since y/n (respectively, \px ) is an embedding, we get x = x'.
Let {(x,, ti)}°lx be a sequence of F x (0, 1] such that {^(x,, ti)}°lx converges in F and lim t,■ = t0 > 0. Assume that to = So¿ + ( 1 -so)^y ^or some n > 1 and 0 < so < 1 (the case where í0 = ¿ , n> 1, can be treated similarly). We may suppose that t¡■ = s¡j¡ + (1 -s¡)j¡^ for all i, where 0 < s, < 1 and lims¡ = So ■ Since cpn(Xi ,t¡) = s¡y/"(Xi), {^«(x,)}^, converges in F" . Finally, {x,}°f, converges in F because y/n is a closed embedding.
In § §4 and 5, we will employ the following variation of Proposition 3.1. for n > 1 and 0 < 5 < 1. Conditions (iv') and (vi') follow easily. To verify (v) and (vii), repeat a reasoning of the proof of 3.3.
The next result is a counterpart of Proposition 3.1 for cartesian products and can be viewed as a relative version of [4, Proposition 2.5]. We need to recall that by the weak product of X¡ 's with the basepoints *, € X¡ we mean W (Xi, *,) = < (x,) e JJX¡: : x, = *, for almost all i > (endowed with the subspace topology). (4) y, = f(x) for i<n, (5) y, = *, for i = n + 6 and i >n + 9, (6) y"+i = p"+x{fn+x(x), *"+x,s), (7) y"+2 = Pn+2(*n+2 , hn+2(x) , s) , (8) yn+i = hn+i(x) for i = 3 and 4, (9) y"+5 = ¿¿"+5(/z"+5(-x), *"+5 , s), (10) yn+7 = an+1(s) and y"+8 = a"+8(l -s).
Letting 0(x, 0) = f(x), we easily check that $ : K x [0, 1]-*I is well defined and continuous. Notice that, by (2),
We claim that 3>|F x (0, 1] is one-to-one. In fact, let (x, i) and (x', t') be such that 0(x, t) = 0(x', t'). If t = s$ + (l-s)-^ , n > 1 and 0 < 5 < 1 (respectively, t = 1 ), the last pth coordinate of <t>(x, /), different from *p , occurs when p = n + 8 (respectively, p = 8 ) and it is equal to a"+g(l -s) (respectively, qs (1)). Since a is an embedding, <I>(x,Z) determines t and hence t = t'. According to (8) , 0"+3(x, t) = hn+i(x) (respectively, <J>4(x, t) = h^(x) ). Therefore, /z"+3(x) = hn+i(x') (respectively, h4(x) = h^(x')) and consequently we get x = x'.
Choose a map e : X -» [0, 1] such that (13) e~x({0}) = X\V, (14) whenever y £ V and y' £ X satisfy d(y, y') < e(y) then there is an element of T~ containing both y and y', where d is a metric on X = fj^i X¡ chosen so that d(y, y') < -^ if y and y' agree on the first n coordinates. By the choice of d and (4), we get (15) 
To see (15) , observe that if ^ < e(/(x)) < ^ , then c/(0(x, e(/(x))), f(x)) < ¡¿I < s(f(x)). Define g : U -> X by g(x) = í)(x,e(/(x))). By (14) and (15), g is 2^-close to / and takes values in V. In turn, (5) and (12) implythat g takes values in W(X¡, *,) and satisfies g_1(KfW(Y,-, *,-)) = Lnu.
It remains to verify that g: U -y V is a closed embedding. For some sequence {x^}^ c U let limg(xk) = y = (y¡) £ V. We may assume that {e(f(xk))}flx converges to some e0 e [0, 1]. If eo = 0 then, by (15) , limf(xk) = y, contradicting the fact that e(y) > 0. If eo > 0, then we may assume that that e(f(xk)) £ (^ , ¡¿y) for some n and all k . According to (8) , g"+3(xk) = hn+i(xk) and consequently limhn+i(xk) = y"+3. Since hn+3 is a closed embedding, {Xyt}^, converges in F. If limxj. = x £ K\U, then limf(xk) = f(x) $ V and, by (13) , lime(/(x^)) = e(/(x)) = 0, a contradiction. Note 3.7. Our proof of Proposition 3.6 requires that at least infinitely many of the X" 's are noncompact. Otherwise, it may happen that not all Z-sets are strong Z-sets in X (see [13] ). However, the proof (after minor modifications) still works if one assumes that all the X" 's are nontrivial local compacta.
Borelian absorbing sets can be linearly represented in I2
For every countable ordinal a > 0, by srfa and Jfa we denote the additive and multiplicative classes of all absolute Borelian sets of order a, respectively. To be more specific, Jfo consists of all compacta, sf\ consists of all a -compact spaces, Jfx= Jf consists of all completely metrizable spaces, and Jf2 consists of all absolute FaS-sets. By f?n , n > 1, we denote the class of all projective sets of order n ; ¿Po = U«-^ • A set that does not belong to \J^=X &n is called nonprojective.
The aim of this section is to find a linear representation of an ^-absorbing set FQ (respectively, .^-absorbing set Ga ) in I2. To perform this, we will make use of ^-absorbing sets AQ and ^-absorbing sets £la constructed in copies s of I2 in [4] . By the uniqueness theorem for absorbing sets [4], Fa is homeomorphic to AQ and Ga is homeomorphic to Qa. Actually, we show that the pairs (I2, Fa) and (s, Aa), a > 1 (respectively, (I2, Ga) and (5, Qa), a > 2), are homeomorphic. The last is achieved by proving the strong (Jf, sfa)-and (Jf, Jff)-universality of suitable pairs. The multiplicative case of order a = 1 differs from the others and is treated separately in [8] ; we include a description of Gx in our text in order to formulate the result in full generality.
We briefly recall the definition of AQ and QQ. To show that (F°°,I) is strongly (Jf, srfx) -universal and fix a pair (K, L) £ (Jf ,J¡fx). There exists a closed embedding h : K -+ F°° with h~x(L) = L. (Take any closed embedding of F into R°° and compose it with a homeomorphism of R°° sending h(L) UX onto X; see [2] .) Now, by 3.6, ((F00)00, W(L,0)) is strongly (Jf, s/x )-universal. Since the latter pair is homeomorphic to (R°° , X) [2, p. 275], the strong (Jf, s/x)-universality of (s, Ax) follows.
We assume that a > 2 and a = ß + 1 (the case of a limit ordinal is analogous). Given (K, L) £ (Jf, Jfa) there exists L, c K, L, £ stfß (i > I), such that F = f|~j F,. By the inductive assumption, we find a closed embedding h¡ : K -y Sß with h~x(Aß) = L¡. Writing h = (h¡), we see that A is a closed embedding of K into s^ = s with h~x(£la) = f|^i L¡ = L. Finally, Proposition 3.6 yields the strong (Jf, Jfa)-universality of (sfP , A^P) = (s, Cla). Clearly, F is isomorphic to I2 and Fa is dense in F. According to 4.1 and the fact that AQ is an stfa-absorbing set [4], it suffices to prove that the pair (F, Ff) fulfils the requirements (i)-(iv) of 2.2 for the class Sf = sáa. Condition (i) is a consequence of the fact that Fa is linear and dense in F (see, e.g., [17, Remark 2.9]). Since each set Ak = {(yn) £ Fa : y¡■■ = 0 for i>k + 1 } is a Z-set in Fa and Fa = IJ^li Ak , Fa is a ZCT-space. Condition (iv) follows directly from 3.1 and 4.1 because A is closed in E" . The remaining condition (iii) can be concluded from (ii) and the lemma below.
Lemma 4.3. The space H is in s/a. Proof. We shall make use of the cross-section argument due to Klee [2, p. 271]. The n-fold product Bn admits a a-closed cross-section, i.e., there exists a subset F of B" that is a countable union of closed sets Fk such that (1) if (bx, b2,... ,bn)£F then b¡ ¿ b¡ for i¿j, (2) whenever {y¡}"=x are n distinct points of B then there exists exactly one permutation of yx,y2, ... ,y" that belongs to F .
By (1) and (2) Proof. The case for a = 1 differs from the others. In [8] it was shown that the space {oo OO (
x") £ I2; ¿~2\xn\ < oo and ^x" = 0 > 71=1 71 = 1 J is an ^-absorbing set and, moreover, the pair (I2, Gx) is strongly (Jf, Jf)-universal.
Construction of Ga. Let a > 2. If a is a limit ordinal, then choose an increasing sequence of ordinals {ßn}%Lx convergent to a; otherwise, a = ß+l and let ßn = ß . Pick, by 4.2, a pair (F" , F") = (I2, Fßn) which is (Jf, sfh)-universal. Set F = Yl¡2 E" and Ga = JJ/2 F".
The space F is isomorphic to I2 and Ga is its linear dense subspace.
Using 4.1 and the fact that Q.a is an ^»-absorbing set [4], it is enough to verify conditions (i)-(iv) of 2.2 for the pair (F, Ga) and ffff = Jfa. Condition (i) follows as in the proof of 4.2. A simple argument shows that Ga £ Jfa.
Since Fx is a Z^-space, Ga is also a ZQ-space. It remains to verify that (E, Ga) is strongly (Jf, .-^-universal. We will apply 3.4. Let Nx, N2, ... he any decomposition of the set of integers N into pairwise disjoint infinite sets. Then, the space Ck defined in 3.4 is l2(Nk), the space of all square summable sequences indexed by the integers of Nk . As a result (HCk ep > Tick Up) = (ri/2(Art) Ep, ri/2(v ) Ep) ■ By the choice of ßn , it is clear that the following lemma will finish the proof of 4.4. Write y/k = 0 for all n =¿ nk (k > 1 ) and set ip = (ip"). By (1), \p is continuous and bounded. It is easy to see that y/ : K -> F is a closed embedding with y/-x(Ga) = Ç\kK=xLk = L. Remark 4.6. As pointed out in [8] , the pair (5, iix) = ((F00)00 , W(R°°, 0)) is not strongly (Jf, Jffuniversal. (If it were, then by 2.2, (s,Qi) and (I2, Gx) would be homeomorphic; consequently, Gx would be rj-closed in I2, which contradicts a result of [15] .) Remark 4.7. The spaces Aa and £la can be realized as linear subspaces in other normed coordinate products \\cEn . The only restriction is the condition (*). These triples are strongly (Jf0, Jf, stfa)-and (Jo, J', .^)-universal, respectively (with an obvious meaning of the triple strong universality).
In §6 we shall need the following fact concerning the complements of Fa and Ga.
Corollary 4.9. The space l2\Fa (respectively, l2\Ga) has the following properties:
(i) I2 \ Fa (respectively, I2 \ Ga) is a Baire space, (ii) l2\Fa£Jfa\s/a (respectively, l2\Ga£^a\J"a), (iii) l2\Fa (respectively, l2\Ga) is homogeneous, (iv) for every (closed) ball B c I2, B\Fa (respectively, B\Ga) is an absolute retract.
Proof. We will only deal with the Fa-case, the CQ-case is analogous. Conditions 
Application to F^-spaces
In this section we identify various absolute FCTá-sets carrying product structures to be homeomorphic to Q.2 = I00. The spaces we deal with will be considered with both normed and cartesian product topologies. We start with a direct application of Proposition 3.4 to coordinate products of normed FaSspaces. A counterpart of 5.1 for cartesian products was previously obtained in [13] . Consider the set Yic Un = H as a subspace of the cartesian product Yl^Lx En = F. By the Kadec-Anderson theorem [2] , F is a copy of I2 . Easily, F \ 77 is locally homotopy negligible in F. We claim that C is an FaS -subset of F°° . This is a consequence of the equality C -{ ixn) £ R°° '■ ^e>cßk^m>k Y^XiU, i=k c ( u¡ is the z'th unit vector). Consider the map f(x) = (\\x"\\), x = (x") £ E, and notice that /~'(C) = T\c E" . This shows that Yic En £ J2 ■ Since Y[CH" = Yic En n Y[n°=i H"' H xs an absolute FaS-set. Repeating (with obvious changes) the remaining part of the proof of 5.1, we get the following generalization of a result [13] .
Theorem 5.5. Let {H"}'^=1 be a sequence of normed linear spaces such that each 77" is an absolute Fag-set and infinitely many of the H" 's are Za-spaces. Then, for every coordinate Banach space C, the space YlcHn considered in the product topology, is homeomorphic to Q2. Moreover, if En is the linear completion of Hn then the pairs (YJ^i En, U.c H") and (s>^2) are homeomorphic.
Remark 5.6. The hypothesis that infinitely many of the 77"'s are ZCT-spaces is essential. Consider the coordinate space Co = {(x;) 6 R°° : limx, = 0 } with the || • Hoo-norm. Note that c0 C ÍJ¡t=i ^oo(^), where B^k) = {x £ R°° : Halloo < k } . This shows that Co is contained in a a-compact subset of F°° . On the other hand Q2 contains a copy of F°° closed in 5 . This shows that (F°°, nco F) and (s, Q2) are not homeomorphic, contrary to the expectation expressed in [13] . Proposition 3.6 and Lemma 5.2 yield the strong (Jf0, Jf2)-universality of the pair (R°° , Co). Theorem 5.7. Let, for n > 1, Xn be a subset of a Banach space (E", || • ||") with 0 £ Xn so that inf">i diam(^T") = a > 0. Assume that each X" is an absolute retract that is an absolute FaS-set. Then the space X = UcQXn = l(xn)£f[Xn; ||x"||"-ol (endowed with the product topology) is homeomorphic to Q2. Proof. We will show that X is an ^-absorbing set in some copy of I2 , i.e., we will verify conditions (i)-(iii) of 2.2 and the strong ^-universality of X. Then, the uniqueness theorem for absorbing sets [4] yields our assertion. Since n^=i X" is an absolute retract and FJ^i X" \ X is locally homotopy negligible, X is also an absolute retract [17 applies to show that X is an absolute FaS-set. Writing Am = {(x") £ X : \\Xj\\j < § for all j > m + 1}, we see that U«=i ¿m = X and that each Am is a Z-set in X. In proving the strong ^-universality of X we employ 3.6 with Yj = Yl, K = L £ Jf2, and Z = XV(X). To produce a closed embedding of F into Y', we may assume that Y' = X .
Write F'(e) = {(xp) £ X' : \\xp\\p < e for all p £ N } and notice that (2) n^i Y' n B'(2-') is a closed subset of V(X).
By (2) We write LP = Lpx . Since F1 is a copy of I2 [2] , it is enough to verify conditions (i)-(iv) of 2.2. The local homotopy negligibility of F1 \ LP follows in a standard way. Note that each Lp is an Fa -subspace of Lq forp>q. (This is a consequence of the facts that LP is an FCT-subspace of F° , the space of measurable functions with the convergence in measure topology (see [13] ), and that the F°-topology is weaker than the \\-\\q-topology.) Select an increasing sequence {pn}^Lx c (1, p) that converges to p . Since LP = f|~ , LP", we get U £jf2.
To prove that LP is a ZCT-space, we choose 1 < p' < p and write
Bpi(e) = {x £ Lpl : \\x\\p, < e}.
Since Lp = U^, Bp,(k) n L" it suffices to check that each A = Bp,(k) n Lp is a Z-set in LP . First of all, note that Bpi(k) is a Z-set in F1 because it is a closed subset of a locally homotopy negligible set LP' in I1. Then, using the fact that F1 \LP is locally homotopy negligible in F1 , we infer that A is a Z-set in LP (see [5, Lemma 2.6] ). We make use of 3.1 to verify the strong (Jf, Jf2)-universality of (F1 ,LP).
The map 4* given by such that ç>-1(F"[2-" , 2-"+']) = Ln and ||^"(x)||p" < 2-" for all x £ K and n>2, then <//2 defined bŷ
x £ K, n > 2, is as required.
To produce cpn , we apply 5.2 for (X, Y) = (BPn(2~n), BPn(2-n)nLp). Since Y is convex and dense in X, X \ Y is locally homotopy negligible in X. Pick pn < p' < p . We have 00 Y = Bpn(2-")nLp = {jBpl(k)nBpn(2-»)nLp. k=\ We claim that each A = Bp>(k)nBPn(2-n)nLp isa Z-set in Y. Since Bp,(k) is a Z-set in LP", it easily follows that Bp,(k) nF""(2-") is a Z-set in BPn(2-"). Remark 5.11. One could likely elaborate an abstract scheme of identifying some normed coordinate products that are homeomorphic to il2, as done for cartesian products in [13] . Due to replacing the convex structure by a suitable equiconnected structure on F°([0, 1], G), the space of measurable Gvalued functions on [0, 1], it was proved in [13] Proof. As in the proof of 5.9, we only need to check that (lx, lp), 0 < p < 1, fulfils conditions (i)-(iv) of 2.2; we write lp = lp . A verification of (i) and (iii) is almost the same as in 5.9 and uses the observation that Bp,(e) = {x£lp' : ||x|| < e} is closed in the || • ||p-topology (p > p' ). Also, every set Bp>(k) nlp is a Z-set in lp, yielding (ii). To verify (iv) we make use of 3. Let us formulate a more specific result concerning lp -products whose proof is a modification of the proof of 5.7 (and therefore will be omitted).
Theorem 5.14. Let, for n > 1, X" be a subset of a Banach space (E", || • ||") with 0 £ Xn so that inf ">! diam(X") = a > 0. Assume that each X" is an absolute retract that is an absolute Fa¡-set. Then the space {oo oo ( xn)£]JXn: Vpl>p £||x"r;<ool
(as a subspace of Yi^i Xn) is homeomorphic to Q2 for every 0 < p < oo.
Remark 5.15. Assume that each Xn £ Jf. We may ask whether (n^=i^7i> lp(X")) is homeomorphic to (s, £i2). This, in general, is not necessarily the case. The space lp(R) = lp is contained in a a -compact subset of R°° (cf. Remark 5.6). Let us notice that the pair (R°° , lp) is strongly (Jf0, ^)-universal. The assertion of Theorem 2.2 holds if one replaces Jf by Jfo and add in the hypothesis that both Yx and Y2 are contained in er-compact subsets of X. As a consequence, the pairs (R°°, Co) and (F°°, lp) are homeomorphic for 0 < p < 00. This shows that two ¿'-absorbing sets Yx and Y2 can be relatively homeomorphic in a copy X of I2 while none of the pairs (X, Yx) and (X, Y2) are strongly (Jf, ¿^-universal. Since I is a Baire space (see 4.9), there exist k and p and a closed set P c N£ x Fa such that F has nonempty interior in X and F is a copy of B \ Ga+i for some closed ball in I2 . According to 4.9, F is connected. As in the proof of 6.2, we get PcXk((KnCpk)xDPk)xFa, where FnC£ is locally compact. Now, it follows that Xk ((F n Cpk) x T?k) xFa£ sfa ; consequently P £Sfa-Since X is homogeneous (see 4.9) and the interior of F in X is nonempty, X is locally in the class s¿a ■ The latter yields X £ stfa , contradicting C7a+i £ Jfa+X \s#a+\ ■ All the remaining cases can be proved in the same way. (A minor change is needed for Gx ; namely, Gx must be represented as a countable union of complete metrizable spaces.) Corollary 6.5 is a direct consequence of 6.3 and 6.4 and the following fact, which seems to be well known; however we could not find it formulated in such a generality in literature. Lemma 6.6. We have: Remark 6.7. Corollary 6.5(a) and (b) (see also 6.2) provide a negative answer to the question of whether a pre-Hilbert space that contains a Hubert cube and is of the exact Borelian class of order a must be homeomorphic to either Fa or Ga, a > 2. The answer to this question is "yes" for sfx.
Remark 6.8. From 6.5(c) it follows that each class &n \ \Sk<n^k contains uncountably many topologically distinct pre-Hilbert spaces that are ZCT-spaces.
Remark 6.9. Each class stfa\Jfa, a > 1, and Jfa\s/a , a > 2, contains uncountably many topologically distinct pre-Hilbert spaces that are Za -spaces. To show this, take A £ stfa \J!a (respectively, A £ Jfa \sfa ) and repeat Henderson and Pelczyñski's argument to the spaces Y (A) x X, X £ 3?, where at? is that of [2, p. 282] .
